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Abstract. Necessary and sufficient conditions for when every non-zero ideal in a 
relative Cuntz-Pimsner ring contains a non-zero graded ideal, when a relative Cuntz- 
Pimsner ring is simple, and when every ideal in a relative Cuntz-Pimsner ring is graded, 
are given. A "Cuntz-Krieger uniqueness theorem" for relative Cuntz-Pimsner rings is 
also given and condition (L) and condition (K) for relative Cuntz-Pimsner rings are 
introduced. 



1. Introduction 

In [S] the two first named authors introduced the notion of a relative Cuntz-Pimsner 
ring C(pQ ,^)(J) as an algebraic analogue of (relative) Cuntz-Pimsner C*-algebras (see 
for example [TT], [13], [7] and |9j), and showed that for instance Leavitt path algebras 
(see for example [T], [2] and [Uj), crossed products of a ring by a single automorphism 
(also called a skew group ring, see for example [TUj and [12]) and fractional skew monoid 
rings of a single corner isomorphism (see [3]) can be constructed as relative Cuntz- 
Pimsner rings. They also gave a complete description of the graded ideals of an arbitrary 
relative Cuntz-Pimsner ring C(p,q,v>)(</)- The purpose of this paper is to study the non- 
graded ideals of such a relative Cuntz-Pimsner ring C(p,q,^)(J). Although we do not 
reach a complete description of all (graded or non-graded) ideals of 0(p,q,^)(J), we do 
find necessary and sufficient conditions for when every non-zero ideal in 0(p,q,^)(J) 
contains a non-zero graded ideal (Theorem 13.21) . when C(p,q,^)(J) is simple (Theorem 
15. 3p . and when every ideal in C(p,q,^)( J) is graded (Theorem l6.2p . We also give a "Cuntz- 
Krieger uniqueness theorem" for 0(pq ,^)(J) (Theorem 14.21) and introduce condition (L) 
(Definition 13. Ij) and condition (K) (Definition 16. Ij) for relative Cuntz-Pimsner rings. 
These results and definitions are generalizations of similar results and definitions about 
Leavitt path algebras given in [T7] , and analogues of similar results and definitions given 
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in the C*-algebraic setting for graph C*-algebras (see for example [II]), ultragraph C*- 
algebras (see [16]), topological graph C*-algebras (see [H]), and (relative) Cuntz-Krieger 
algebras of finitely aligned higher rank graphs (see for example flSj)- 

It is worth pointing out that analogues in the C*-algebraic setting of these results do 
not exist in the generality of this paper. It does not seem unreasonable to believe that 
it should be possible to obtain such, but a different approach than the one used in this 
paper seems to be needed. 

Contents. Section [2] contains some preliminary results and the pivotal Proposition 12.61 
In Section [3] condition (L) is introduced (Definition 13. Ij) . and sufficient and necessary 
conditions for when every non-zero ideal in 0(p,q,v>)(</) contains a non-zero graded ideal 
are given (Theorem 13. 2p . Section H] contains the Cuntz-Krieger uniqueness theorem 
(Theorem 14.21) . In Section O sufficient and necessary for when (9(pq ,^)(J) is simple are 
given (Theorem 15. 3p . and in Section E] condition (K) is introduced (Definition 16.11) . and 
sufficient and necessary conditions for when every ideal in 0(p,q,^)(J) is graded are given 
(Theorem 16. 2p . In Section [7] the case when J = and C(p,q,^)(J) is the Toeplitz ring 
'7(p,Q,^) of {P,Q,ip) is considered. Finally, in Section [S] and Section [3 we illustrate the 
results obtained in the paper by applying them to Leavitt path algebras (Section [S]), 
and to crossed products of a ring by a single automorphism and fractional skew monoid 
rings of a single corner isomorphism (Section [HD, and thereby obtain characterizations 
of when these algebras are simple. The characterization of when a Leavitt path algebra 
is simple is well- know (see |T71 Theorem 6.18]), whereas the characterizations of when a 
crossed product of a ring by an automorphism and a fractional skew monoid ring by a 
corner isomorphism are simple, to the knowledge of the authors, are new. 

Notation and conventions. In this paper every ideal will be a two-sided ideal. The 
set of integers will be denoted by Z, the set of positive integers will be denoted by N 
and the set of non- negative integers will be denoted by Nq. 

We will use the same notation as in |5| with the addition that R will always denote 
a fixed ring, {P,Q,iIj) will be a fixed i?-system satisfying condition (FS) and J will be 
a fixed faithful and T/^-compatible ideal in R. To ease notation we will let a, S, T and 
71 denote ij^, Lp, Lq and tt'^ , respectively. We will repeatedly use that since {P,Q,ip) 
satisfies condition (FS), the i?-system {P^^ , Q^^ , ipn) will for each n G N also satisfy 
condition (FS) (see [S], Lemma 3.8]). 

2. Preliminaries 

This section contains some preliminary results leading to Proposition 12. 6^ which is 
pivotal for the rest of the paper. 

Lemma 2.1. IfneN, a;_„ G 0(p,q,v,)( J)(~") \ {0} and x„ G C(p,q,v,)( J)^"^ \ {0}, then 
there is a p e P®*^ and a q e Q®"^ such that a;_„T"(g) ^ and S'^{p)xn 7^ 0. 

Proof. Write x„ as Ef=i^"(gi)z/i where G Q®"" and Vi G C(p,q,^)( J)(°) for i = 
l,2,...,fc. It follows from condition (FS) that there is a ^ G J-p®n(Q®") such that 
9qi = qi for each i = 1,2, . . . , k. It follows that S"'{p)xn cannot be for all p G P®^. 
That X-nT"'{q) 7^ for some q G Q^"' can be proved in a similar way. □ 
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Definition 2.2. For an ideal / in R, let be the ideal 

|x G -R I il){px ® q) E I for all g G Q and all p G P|, 
and let 1'°°] be the ideal 

oo 

fc=l 

where /t'^' is defined recursively by J'^' = / and /'^^ = ■j/'^^ (^/t^^^l^ fl / for > 1. 

Recall that if / is an ideal in i?, then QI = spanjgx | g G Q, x G /} (see [SI Definition 
7.1]). 

Lemma 2.3. Let x E R. Then x G if and only if xq G QI for all q E Q. 

Proof. Assume first that x G ip~^{I) and that q E Q. Then it follows from condition 
(FS) that there are qi, ■ ■ ■ ,qm & Q and pi, . . . ,pm E P such that xq = Qii^iPi ®xq). 
Since each ip{pi ® xq) E /, it follows that xq E QL 

Assume then that x E R and xq E QI for all q E Q, and let g G Q and p E P. Then 
there are qi, . . .qm E Q and Xi, . . . ,Xm E I such that xq = Y^Li Qi^i, from which it 
follows that ip{px g) = ipip ® xq) = ip{p ® qi)xi E I. Thus x E ip'^i^I). □ 

Let us now specialise to the case where I = J. 

Lemma 2.4. Letk E N andx E R. Thenx E Jf'^' if and only if a (x) E span{T'^(g)S'^(p) | 
g G g®^p G P®^}. 

Proof. We will prove the lemma by induction over k. For k = 1 the lemma follows from 
[51 Proposition 3.28]. 

Assume now that k > 1 and that x E J^''~^^ if and only if a(x) E span{T''~^ (q) S''"^ (p) \ 
q E Q^''~^,p E P®'^-!}. We will then prove that x E J'^'l if and only if a{x) E 
span{T''{q)S''{p) \ q E Q®^ p E P^''} for alia; E R. If x E = ^p-\J^''-^^)nJ, then it 
follows from [3 Proposition 3.28] that there are gi, . . . , g™ G <5 and pi, . . . ,pm E P such 
that cr(x) = J2'iLi T{qi)S{pi). It follows from condition (FS) that there are q[, . . . , q'^ E Q 
and p[, . . . ,p'^ E P such that J2j=i ^p',,q',Pi = Pi ^or each i, from which it follows that 



'^3 '^3 

m n 



a{x) = Y.T{Q^)s{p.) = Y.linqi)S{Pi)nq',)S{p'^) = Y.nW,)s{p',). 

i=l i=l j=l j=l 

It follows from Lemma I^T^ that there for each j are g^^i . . . , g^^m^. G Q and Xj^i, . . . , Xj^mj ^ 
g^c]2 that xqj = Y4^i'lj,iXj,i, and it then follows from the induction hypothesis 

that 

n 

a{x) = J2nxq'^)S{p'^) 
i=i 

n 

= T.T.Tiqj,iM^j,i)Sip',) E span{T\q)S\p) \ q E Q^\p E P^']. 
j=i 1=1 

Conversely, if a(x) = Elti T^(g.)^'(p.), then inix) -ET=i ''Q{Q^)>'piP^) e T(J) (cf. [3 
Definition 3.15 and 3.16]), so it follows from |5[ Lemma 3.21] that x E J. li p E P and 
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q E Q, then 

m 
i=l 

which together with the induction hypothesis imphes that tjj(px q) E J^^^^\ and thus 
that X G n J = JW. □ 

Definition 2.5. A subring A of 0(^p^q^^){J) has the zc?ea/ intersection property if the 
imphcation fl A = {0} =^ K = {0} holds for every ideal K in 0(p,q,^)(J). 

We of course have that C(p,q,^)(J) itself has the ideal intersection property. We will 
in this paper study when a{R) and C(p,q,^)( J)*-"-' have the ideal intersection property. 
Webegin with O(p,Q,^)(J)(0). 

Let n E N. Recall from Section 2] that there for each p E P exists a unique 
i?-bimodule homomorphism Sp : Q®"'"'"^ — )■ Q®"' characterised by Sp{q<S)qn) = '>p{p®q)qn 
for g G Q and g„ G Q®". Similarly, there exists for each q^ E Q®^ an i?-bimodule 
homomorphism T^,^ : Q — > Q*^""^^ given by Tg^X^) — qn ® q for q E Q. Notice that 
T^{SpT,„{q)) = S{p)r\qn)T{q) for p G P, g„ G Q®" and g G Q. 

Proposition 2.6. T/ie following 3 conditions are equivalent: 

(1) The subring 0(^p^q^^){J)^^^ does not have the ideal intersection property. 

(2) There is a non-zero graded ideal ^i.^^H^''^ in 0(^p^q^^){J), an n E N and a 
family {(pklkez of infective 0(^p^q^^){JY^^ -bimodule homomorphisms (pk ■ H^''^ — > 
C(p,Q,V)('^)*-'''^"^ such thatx(t)k{y) = 4>k+j{xy) and (t)k{y)x = (pk+jiyx) forkj E 7L, 
X E 0(^p,q,^){JY^^ andyE H^^\ 

(3) There is a non-zero ip-invariant ideal Iq of R, an n E N and an injective R- 
bimodule homomorphism rj : Iq ^ Q®"- such that SpT^(^x){.q) = Ti{ip{px q)) for 
p E P, X E Iq and q E Q, and such that Iq C J[°°1. 

Proof CP) ^ ([2]): Let be a non-zero ideal in C(p,q,^)(J) such that fl C(p^q^^) (J) = 
{0}. Let be the set of n G No for which there are Xi E 0(p^q^^){J)'^''\ i = 0, 1, . . . ,n 
with a;o 7^ such that EiLo E K. Let Ei=j Xi E K where j < k E Z, Xi E 0(^p^q^^){JY''^ 
for i = j, j . . . , k and Xj ^ 0. If j 7^ 0, then it follows from Lemma [?!T] that there is a 
G 0(p,Q,V))(<^)'^^''^ such that either y-jXj or x^y^j is non-zero. It follows that 7^ 0. 
Since K n 0(p,q,v,)(^)^°^ = {0}, it follows that ^ A^. Let n = min A^. Then G N. 
For each k E Z let 

H'^"^ := jxfc G 0(P,Q,^)(J)('=) I 3xfc+, G 0(P,Q,^)(J)('=+^\ 2 = 1,2, . . . ,n : G i^j . 

If X G and ?/ G C(p,q,^)(J)(^\ then a;|/,|/x G i/^^+J). It follows that ^^eiH^^^ is a 
graded ideal in 0(p,q,v>)(</), and since H'^^^ 7^ {0}, it must be the case that ©^g^if^'^^ is 
non-zero. 

Let k E Z and let Xk E H^^\ It follows from Lemma 12.11 and the minimality of 
n that there is a unique Xk+n E (9(p^q^^)( J)^^"*""^ satisfying that there exist Xk+i E 
0(P_Q^^)( J)'^'^"'"*^ i = 1,2, ...,n — 1 such that Y.7=oXk+i E K. It also follows from 
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Lemma 12.11 and the minimality of n that Xk+n 7^ if 7^ 0. Thus there is an 
injective map 0^ : if'^'^^ — (9(p_q_^)( J)*^'^"'""') sending Xk to Xk+n- It is easy to check 
that 0fc is a C(p^q^^)( J)*^°''-bimodule homomorphism, and that x(f)k{y) = (pk+jixy) and 
4>k{y)x = (t)k+j{yx) when k,j G Z, a; G C(p,q,^)( J)^^^ and ?/ G if^''). 

(I2D ^ We will first prove that n a{R) ^ {0}, so assume, for contradiction, 
that H^^'^ n <y{R) = {0}. Then it follows from [3 Lemma 3.21 and Theorem 7.27] that 

= span({T"(g)((T(x) - 7r(A(a;)))5"(p) | n e N, g G Q^", xeJ',pe P^"} 

U - 7r(A(x)) | x G J'}) 

for some faithful ^'-compatible ideal J' of R which contains J. We claim that H^^^ must 
contain a non-zero element of the form cr(x) — 7r(A(x)), x G J'. To see that this is the 
case, let y he a non-zero element of H^^^ and write it as 

k 

a{xo) - n{A{xo)) + ^ T'^'fe) - 7r{A{x,))) S^^{p,) 

i=l 

where k e N, Xo,Xi, . . . ,Xk G J' and rii G N, gi G G P®"' for each « G 

{1,2, ... ,k}, and assume that X]iGJ\/ ('^(^j) — '^{^{xi)))S'^'{Pi) where M is 
the set of those i's for which Ui is maximal among {rii, n2, . . . ,nk}. Let n be the maximal 
value of rii. It follows from condition (FS) that there are q G Q^"' and p G P®" such 
that if we let x = J2ieM i^nip ® qi)xiil)n{pi ® g), then 

a{x) - 7r(A(x)) = S\p) T"'(g,)(a(x,) - 7r(A(x,)))5"^(p,)T"(g) ^ 0. 

iGAf 

Since (c7(a;o) - 7r(A(xo)))T"(g) = and ((t(x,) - 7r(A(,x,)))5"*(pi)T"(g) = for each 
i ^ M, it follows that 

a{x) - 7r(A(x)) 

Thus contains a non-zero element of the form a{x) — 7r(A(x)), x G J'. If follows 
from condition (FS) that there is a G P®" such that 

5"(p')0o(^(a:)-7r(A(x)) ^0, 

but since S'^{p"){a{x) - 7r(A(x))) = for all p" G P®", it follows that 

S^{p')<P,{a{x) - 7r(A(x)) = 0_„(5"(j9')(a(x) - vr(A(x))) = 0, 

and we have reached a contradiction. Thus it must be the case that H^^'^ fl o"(P) 7^ {0}. 
Let J = {x G P I (t(x) G //(o)}. Then J is a non-zero T/^-invariant ideal of R. For each 
m G No let 

= s^an[T'^\q)S\p) I A; G {0, 1, . . . , m}, g G Q®"+^ p G P®'^} C 0(p,Q,^)( J)(") 

and 

= {x G / I 0o(cr(a;)) e Am}. 
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Then /q C C /2 C . . . and each Im is a t/^- invariant two-sided ideal in R. In fact, 
X G Im+i, imphes that ip^px ®q) & Im for all p G P and q E Q. Since I is nonzero, there 
exists an a; 7^ and an m G No such that x G Im- Choose k E N such that kn > m. 
Then 

0{fc-l)n O </'{fc-2)n O ■ ■ ■ O O 0o(o-(x)) G C{P,Q,V>) (-^) ^"''^ \ {0} 

SO it follows from Lemma 12.11 that there is a p G P®"^^ such that 

0-nO0-2nO- ■ ■ O (j)_(^i,-l)n° <P-kn{S'''' {px)) = S*"^ (p)0(fc-l)n O 0(fc-2)n O ■ ■ ■ O 0„ O 0o (cr(x) ) 7^ 0, 

from which it follows that px 7^ 0. It follows from condition (FS) that there is a g G Q'^^"' 
such that ipknipx ® g) 7^ 0. We have that ipkn{px ® G Iq, so Iq 7^ {0}. 

Since M^^i^)) ^ r"(Q^'^) for every x G Jo, and T" : Q®" ^ C(p,q,^)( J)(") is injective, 
we can define r] : Iq Q®" by, for x G Jq, letting ri{x) be the unique element of Q®" 
such that T"-{ri{x)) = (j)o{a{x)). It is straightforward to check that 77 is an injective 
P-bimodule homomorphism, and if p G P, a; G Iq and q E Q, then 

T"(^r7(V'(px ® g))) = 0o(^(^(pa; ® g))) = 5(p)0o(a(x))T(g) 

= 5(p)T"(r/(x))r(g) = T"(^,T,(.)(g)), 

from which it follows that ri{ip{px (g) g)) = SpT.^(^x){.<i)- 

If X G /q then it follows from condition (FS) that there are g^ G g("). Pi G p("), 
z = 1, 2, . . . , m such that YJILq ^qi,PiV{x) = ''7(a;)- We then have that 



X] 



from which it follow that cr{x) = J^iLoT"'{qi)S'^{pix). It now follows from Lemma 
that X G Jt"^ C J. Since Jq is ■^/'-invariant, it follows that x G J^°°\ 

(ED ^ (P): Let be the ideal in 0(p,q,^)(J) generated by {(t(s) - T"(77(x)) | a; G Jo}. 
Clearly, K is non-zero, so we just have to prove that K fl C'{p,q,V')('^)*"°'' = {0}- Using 
condition (FS) and the properties of rj, one can show that if p G P, x G Jq and q E Q, 
then 



S{p)[a{x) - r"(r/(x))) G span{(a(x') - T''{r]{x')))S{p') \ x' E Jq, p' E P} 



and 



(a{x) - T^{r]{x)))T{q) E span{T(g')(a(x') - r"(r/(x'))) | g' G Q, x' G Jq}. 
It follows that 

K = span(^{r'=(g)(a(x) - T"(r/(x))) | A; G N, g G Q®^ x G Jq} 

U {T^'(9)(^(a;) - T''{r]{x)))s\p) \k,lEN, qE g®^ x G Jq, J9 G P®'} 
U {(t(x) - T"(r/(x)) I X G Jo} 

U {T'=(g)(a(x) -T"(r/(x))) | / G N, x G Jq, p G P®'}), 
so to show that K fl 0(p^q^^){J)^^^ = {0}, it sufficies to show the following 3 things: 
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(i) if / e M, A is a finite subset of {(fc, q,x,p) \ k eN, g G Q®'+^ x E Iq, p E P®*^} 
and i? is a finite subset of {{q,x) \ q E x E Jq}, then 

Y: T^^\q)<y{x)S\p) + T\q)a{x) = Q 

(k,q,x,p)€A {g,x)eB 

if and only if 

E T^^'iq)T-{v{x))S\p)+ Y: T'(g)T"(7^(x)) = 0, 

(ii) if A is a finite subset of {{k,q,x,p) \ k E N, q E Q"^^, x E Iq, p E P'^'^} and 
Xq E Iq, then 

Y T\q)a{x)S\p)+a{x,)=Q 

{k,q,x,p)GA 

if and only if 

Y T\q)T^{^{x))S\p) + r"(r/(xo)) = 0, 

(fc,ij,x,p)GA 

(iii) if Z G N, A is a finite subset of {(A;,g,x,p) | /c G N, q E Q®^ , x E Iq, p E P^^+^} 
and 5 is a finite subset of \ x E Iq, p E P®'+'^}, then 

Y T\q)a{x)S'+\p) + Y <y{x)S'+\p)=Q 

{k,q,x,p)eA (q,x)€B 

if and only if 

Y T\q)T-{7^{x))S'+\p)+ Y T-{^{x))S\p) = Q. 

(k,q,x,p)GA {x,p)GB 

We will just prove ([I]). The other two claims can be proved in a similar way. 

To prove ([I]), notice first that if x G Iq and k eN, then, since Iq C C jW, it follows 
from Lemma that there are gi, . . . , ^ Q®^ and Pi, ■ ■ ■ ,Pm & P'^^ such that (t{x) = 
{(li) S'" (pi) . It follows from condition (FS) that there are q[, . . . ,q[.,q'{, . . . , q" E 
qm p;, . . . , p;, p'/, . . . , p'; g P®'^ such that 

m r s m 

= YT\qi)S\p^) = YT.T.T\q',)S\p',)T\q.-:)S\p,)T\q'{)S\p'l) 

i=l j=l 1=1 i=l 

= jlilT\q',)S\p',)a{x)T\q';)S\p'l) = YYT\q'^)amp'^x ® q'!))S\p'l). 
j=i 1=1 j=i 1=1 

Since Iq is ^/'-invariant, it follows that each tpk{p'jX ® q'/) E Iq and thus that 

= YYTHq-)T"iviMP-x^qi)))s\p':). 
j=i 1=1 

Thus it sufficies to show that if A;, / G N and C is a finite subset of {{q,x,p) \ q E 
X Eh, pE P®''}, then it is the case that E{q,x,p)€cT^^''i(l)(^ix)SKp) = if and 
only if Z](g,a;,p)ec = 0) that can be done using condition (FS) 

and the properties of t]. □ 



SIMPLE CUNTZ-PIMSNER RINGS 



8 



3. Condition (L) 

In this section condition (L) is introduced (Definition 13. ip and sufficient and necessary 
conditions for when every non-zero ideal in 0(p,q,^)(J) contains a non-zero graded ideal 
(Theorem 13. 2p are given. 

Definition 3.1. We say that a ^/'-invariant ideal / in i? is an tp-invariant cycle if there 
exist G N and an injective i?-bimodule homomorphism rj : I ^ Q®" such that 
SpTr^(x){(l) = ri{ip{px ® q)) for p E P, x E I and q E Q, and we say that J satisfies 
condition (L) with respect to the i?-system (P, Q, ifj) if there are no non-zero -i/^-invariant 
cycles I in R such that / C 

We will often, when it is clear from the context which i?-system (P, Q,^p) we are 
working with, simply call a ?/^-invariant cycle for an invariant cycle, and say that J 
satisfies condition (L) instead of saying that it satisfies condition (L) with respect to 

Recall that if {S',T',a"B) is a covariant representation of {P,Q,tp), then J{s',T',a',B) 
is defined to be the ideal {x E R \ cr'(x) G iTT^s'iJ^piQ)} (see [5., Definition 3.23]). 

Theorem 3.2. The following 4 conditions are equivalent: 

(1) The ideal J satisfies condition (L). 

(2) The subring 0(^p^q^^){JY^^ has the ideal intersection property. 

(3) Every non-zero ideal in Oi^p^q^^^{J) contains a non-zero graded ideal. 

(4) If {S' ,T' ,a"B) is an injective covariant representation of {P,Q,ip) and J = 
J(S',T',a',B), then the ring homomorphism vfs' t' a' b) '■ ^{P,Q,4>)i'J) ~^ ^ from [51 
Theorem 3.29 (ii)] is injective. 

Proof. ([I]) <S=^ ([2]) follows from Proposition 12.61 

dg) ^ ([2]): Let be a non-zero ideal in C(p,q,v,)( J). Then K n C(p,q,^)( J)(°^ ^ {0} 
by assumption, and it follows from [5] Lemma 3.35] that the ideal H generated by 
K n C(p,Q,v>)(<^)^°'' is graded. Since H is obviously contained in this proves ([3]). 

dSD ^ (EI): Let K be a non-zero ideal in 0(pq,^)(J). By assumption there is a 
non-zero graded ideal H such that H ^ K. It follows from [SJ Lemma 3.35] that 
^nO(p,Q,^)(J)W ^ {0}, soalsoA^nO(p,Q,^)(J)W ^ {0}, which proves that C(p,Q,^)(J)W 
has the ideal intersection property. 

(121) =^ dlD: Let H be the ideal in C(p^q^^)( J) generated by ker t^^-^^, j,, ^, ^-,n(9(p^Q^^)( J)*^°\ 
and let p : (9(p^q_^)(J) — )■ 0(p^q^^){J) / H be the quotient map. Then (p o 5, p o 
T, p o a,0(p^Q^^){J)/H) is a surjective covariant representation of {P,Q,ip)- It fol- 
lows from [51 Lemma 3.35] that H is graded, from which it follows that the repre- 
sentation {p o S, p o T, p o a, 0(^p^Q^^){J) / H) is graded (see [51 Definition 3.20]). Since 
H C ker ?7(g, -p,^^,^^-), it follows that there is a ring homomorphism (j) : 0[p^q^^){J) j H — > B 
such that (j) o p = r]^^, j,, ^, and 0opo5' = 5", <^opoT = T' and (p o p o a = a'. 
Since (S", T', a', B) is an injective representation, it follows that also {p o S, p o T, p o 
a,0(p^Q^^){J)/H) is injective. It follows from [51 Remark 3.13] that 

J C J(po5,por,poa,0(p,Q,^)(J)/H) C J(S',T',a',B) = J- 
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Thus J (po s, poT, pou, o Q ^){J)/H) = J, and it follows from Theorem 3.29] that p is 
an isomorphism, and thus that ^gt rj^g, j,, fl (9(p^q^^)( J)*^°^ = {0}. It follows by 
assumption that ^^t^ V{s' ,t' ,ct' ,b) — {0}' ^^^^^ that V(s' ,t' ,a' ,b) injective. 

dD ^ ([2]): Let K be an ideal in C(p,q,^)(J) such that K n C(p,q,^)( 7)^°^ = {0}, 
and let p : 0(pq,^)(J) — )• Oi^p^q^^){J) / K be the quotient map. Then (p o 5, p o T, p o 
a,0(p^Q^^){J) / K) is a surjective covariant representation of {P,Q,ip). Since cr(i?) and 
vrT,s(^p(Q)) are subsets of C(p,q,^)( 7)^°^ and n 0(p,q,^)( J)(°) = {0}, it follows from 
[SI Proposition 3.28] that 

-^(po5,poT,poCT,0(p,Q,^)(J)/H) = ^{S,r,a,0{p,Q,^){J)) = ^• 

Thus p = ?7(po5,poTpo<7,c)(p,Q,^)(j)/K) is injective by assumption, and K = {0} which proves 
that 0(p^Q^^)( J)*^°^ has the ideal intersection property. □ 

4. The Cuntz-Krieger uniqueness theorem 

In this Section the Cuntz-Krieger uniqueness property is defined (Definition 14. ip . and 
the Cuntz-Krieger uniqueness result is proved (Theorem 14. 2p . 

Definition 4.1. We say that the ideal J has the Cuntz-Krieger uniqueness property 
with respect to the _R-system (P, Q, V') if the following holds: 

If {Si,Ti,ai, Bi) and (5*2, T2, cr2, -B2) are two injective covariant representations of 
{P,Q,iIj) and they are both Cuntz-Pimsner invariant relative to J, then there is a ring 
isomorphism between 7l{Si, Ti, cti) and 71{S2, T2, such that (poai = a2, (poSi = S2 
and o Ti = T2. 

We will often, when it is clear from the context which i?-system {P,Q,iIj) we are 
working with, simply say that J has the Cuntz-Krieger uniqueness property instead of 
saying that it has the Cuntz-Krieger uniqueness property with respect to {P^Q^ip). 

Recall from [SJ Definition 4.6] that J is said to be a maximal -^-compatible ideal if 
J = J' for any faithful ^/'-compatible ideal J' in R satisfying J 'Z J'. 

Theorem 4.2. The following 5 conditions are equivalent: 

(1) The ideal J has the Cuntz-Krieger uniqueness property. 

(2) If {S' ,T' , a' , B) is an injective covariant representation of {P,Q,iIj) which is 
Cuntz-Pimsner invariant relative to J, then the ring homomorphism rj^g, j,, ^, : 
C^{p,Q,il>){J) B from [3 Theorem 3.18] is injective. 

(3) The subring (j{R) has the ideal intersection property. 

(4) The subring 0(p.q.^)( J) has the ideal intersection property, and J is a maximal 
ip- compatible ideal. 

(5) The ideal J satisfies condition (L) and is a maximal -compatible ideal. 

Proof. ([T]) =^ ([2]): The ring homomorphism f](s' ,t' ,a' ,b) '■ ^iP,Q,'4>){J) B is the unique 
ring homomorphism from Oi^p^q^^){J) to B such that V{S' ,t' ,<t' ,b) ° — v(s' ,t' ,0-' ,b) ° ^ — 
S' and rj'^g, t' a' b) ° ~ it follows by assumption that t]^'^, j., ^, is injective. 

(I2D ^ dl]): If ("S*!, Ti, (Ti, and (6*2, T2, (T2, -B2) are two injective covariant represen- 
tations of (P, Q, if)) and there are both Cuntz-Pimsner invariant relative to J, then 

= V(S2,T2,a2,B2) ° ('7(5i,ri,ai,i?i))"^ is a ring isomorphism between 7^(S'l, Ti, ai) and 
71{S2, T2, (T2) such that (p o ai = 0-2, (f) o Si = S2 and o Ti = T2. 
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([2D ^ ©: Let K be an ideal in 0(p^q^^){J) such that K n a{R) = {0}, and 
let p : 0(p,Q,^)(J) — )■ 0[p^Q^^){J) / K be the quotient map. Then (p o S*, p o T, p o 
a,0(p^Q^^){J) / K) is an injective and surjective covariant representation of {P,Q,%Ij) 
which is Cuntz-Pimsner invariant relative to J . It follows by assumption that p = 
VipoS,poTpoa,0(p,Q^^^(j)/K) is injective. Thus K = {0}, which proves that cr{R) has the 
ideal intersection property. 

(ED ^ (H: Since a{R) C 0(p^Q^^)( J)(o), it follows that C(p,q,v,)( has the ideal 
intersection property if (t{R) has. If J is not a maximal ^/^-invariant ideal, then there 
exists a ^/'-compatible ideal J' such that J C J'. It follows from [5], Remark 4.1] that 
pj{T{J')) then would be a non-zero ideal in 0(p,q,^)(J) with a zero intersection with 
(j{R), which would mean that (t{R) does not have the ideal intersection property. Thus 
it must be the case that J is a maximal T/'-invariant ideal. 

(jlD ^ ([2]): Since J is a maximal V^-compatible ideal by assumption, it follows that 
J{S',T',a',B) = J- Thus it follows from Theorem 13.21 that V{s' ,t' ,a' ,b) injective. 

m follows from Theorem IX^ ' ' ' □ 

5. Simplicity of 0(p^q^.^){J) 

In this section sufficient and necessary conditions for when 0(^p^q^^){J) is simple are 
given (Theorem 15. 3p . 

Definition 5.1. We say that J is a super maximal ^-compatible ideal if the only T-pairs 
(/, J') of {P.Qi ip) which satisfies that J C J', are (0, J) and (i?, R). 

Since (0, J') is a T-pair of (P.Q, ip) for any any faithful ^/'-compatible ideal J' in i?, 
it follows that if J is a super maximal ^/'-compatible ideal, then it is also a maximal 
^/'-compatible ideal. 

Remark 5.2. It follows from Theorem 7.27] that J is a super maximal ^/'-compatible 
ideal if and only if the only graded ideals in C(pq,^)(J) are {0} and 0(p,q,^,)(^). 

Theorem 5.3. The following 5 conditions are equivalent: 

(1) The ring 0(^p^q^^){J) is simple. 

(2) The subring cr(i?) has the ideal intersection property and J is a super maximal 
ip-compatihle ideal. 

(3) The subring 0(p^q^^){J)^^^ has the ideal intersection property and J is a super 
maximal ip- compatible ideal. 

(4) The ideal J satisfies condition (L) and is a super maximal ip- compatible ideal. 

(5) If{S', T', a', B) is a non-zero covariant representation of{P, Q, ip) which is Cuntz- 
Pimsner invariant relative to J, then the ring homomorphism 

V{S' ,T' ,a' ,B) ■ C'(P,Q,^)(J) B 

from [5, Theorem 3.18] is injective. 

Proof. ([!]) =^ ([2D: If C'(p,Q,V')(<^) is simple, then clearly a{R) has the ideal intersection 
property. If (/, J') is a T-pair of (P, Q, ip) different from (0, J), then it follows from 
Theorem 7.27] that H(i^ji) is a non-zero ideal in 0(pq,^)(J). If C(p,q,^)(J) is simple, 
then that would imply that H(i^,ji) = C^{P,Q,ii)){J) and thus (/, J') = {R,R) from which 
it follows that J is a super maximal ^/'-compatible ideal. 
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([2D "vv- ([2]) and ([2]) "v^ Q follow from Theorem 14.21 and the fact that J is a maximal 
^/'-compatible ideal if it is a super maximal T/'-compatible ideal. 

(ED =^ It follows from ^ Proposition 7.8] that {I(s',T',a',B), J{s' ,t' ,a' ,b)) is a T-pair. 
Since (S", T', a', B) is Cuntz-Pimsner invariant relative to J, it follows from O Remark 
3.25] that J C J(^s',T',a',B), and since (5", T', cr', 5) is non-zero, it follows from [51 Theorem 

7.11] that iI(S',T',a',B), JiS',T',a',B)) 7^ {R, R) ■ ThuS (/(S",T',a',i3) , J {S' ,T' ,a' ,B)) = (0, J) which 

implies that (S", T', a', -B) is an injective representation. It then follows from Theorem 
14.21 that rj^g, j., ^, is injective. 

([SD ^ ©• L^t i^' be a proper ideal in C(p,q,vi)(</), and let p : 0(p^q^^){J) — ^ 
C(p,Q,^)(t/)/-ft' be the quotient map. Then {po S, poT, po a,0(p^Q^^){J) / K) is a surjec- 
tive covariant representation of (P, Q, ip) which is Cuntz-Pimsner invariant relative to J. 
It follows by assumption that p = r]ipoS,poTpoa,o^p^Q^^-)(j)/K) is injective. Thus K = {0} 
which proves that C(p,q,^)(J) is simple. □ 

6. Condition (K) 

In this section condition (K) is introduced (Definition l6.1l) . and sufficient and necessary 
conditions for when every ideal in C(p^q^^)(J) is graded are given (Theorem 16.21) . 

Recall from [S] Section 7] that if / is a ^-invariant ideal in R, then Rj = R/I, Qi = 
Q/QI and iP = P/IP, and pj denote the corresponding quotient map. Recall also that 
there is an i?/-bimodule homomorphism ipj : iP®Qi —f Rj given by '>pi{pi{p)®pi{q)) = 
pii'il'ip^q))- The triple {iP,Qi,ipi) is then an i?/-system satisfying condition (FS) (see 
P, Lemma 7.4]). When {I, J') is a T-pair, then Jj denote the faithful ^/-compatible 
ideal pi {J') in Rj. 

Definition 6.1. We say that the ideal J satisfies condition (K) with respect to the R- 
system {P,Q,ip) if Jj satisfies condition (L) with respect to the i?/-system {jP,Qj,'ipi) 
whenever (J, J') is a T-pair of (P, Q, ip) such that J C J' . 

We will often, when it is clear from the context which P-system {P,Q,ip) we are 
working with, simply say that J satisfies condition (K) instead of saying that it satisfies 
condition (K) with respect to {P,Q,il)). 

Theorem 6.2. The following 3 conditions are equivalent: 

(1) Every ideal of 0(^p^q^^){J) is graded. 

(2) The ideal J satisfies condition (K). 

(3) If{S', T', a', B) is a covariant representation of {P, Q, ip) which is Cuntz-Pimsner 
invariant relative to J, and {I, J') = 0J(s',t',u',b), then the ring homomorphism 

(I J') 

v\s"T' a' B) '■ ^{iP,Qi,i>i)iJi) ~^ ^ from P, Theorem 7.11 (ii)] is injective. 

Proof. ([ID ^ ([2D: Let u; = (/, J') be a T-pair of {P,Q,ip) such that J C J' and let H 

be a non-zero ideal in 0(^jP^Qj^^j){Jj). Recall from [5, Page 36] that there is a covariant 

ji J' 

representation {tp, i-q, t'^, 0(jP^Qj^^j){Jj)) such that Lp = L^p o pj, Lq = Lq^ o pj and 

= ip^opi. It follows from [HI Remark 3.25 and Theorem 3.29] that there is a surjective 
graded ring homomorphism : 0(p,q,^)(J) — > ^{iP,Qi,ipi){.J'i) which intertwines the two 
representations {S,T,a,0[p^Q^^){J)) and {tp, Lq, Lp^,0(^jP^Qj^^j){Jj)). We then have that 
(j)~^{H) is an ideal in 0{^pq .^){J). Thus (j)~^{H) is graded by assumption. It follows that 



SIMPLE CUNTZ-PIMSNER RINGS 



12 



also H is graded. It therefore follows from Theorem 13.21 that J'j satisfies condition (L) 
with respect to the -Rj-system {iP,Qi,'ipi). This proves that J satisfies condition (K). 

(ED ^ dS]): It follows from 0, Lemma 7.10] that there is an injective covariant represen- 
tation (5*/, T/, a J, B) of (/P, Qi, ipi) such that Si = S' o pj, Tj = T' o pj and aj = a' o pj. 
Since 71ti,Si{J^ip{Qi)) = t^t' ,s'{^p{Q)), it follows that J(Si,Ti,ai,B) = piiJ(s',T',a',B)) = 

pi{J') = J'l- It therefore follows from Theorem 13.21 that V(s'^t' a' b) ~ '^(siTiaiB) 
injective. 

(ED ^ (P): Let H be an ideal in 0(p^q^^){J) and let p : 0(^p^q^^){J) 0[p^q^^){J) / H 
be the quotient map. Then {poS, poT, poa, 0(p^q^^){J) / H) is a covariant representation 
which is Cuntz-Pimsner invariant relative to J. Let {I, J') = u}(poS,poT,pocT,0(p q ^){j)/h)- 

Then Vil:os,poT,poa,o^p^Q^^.,ij)/H) is injective by assumption. Since ©nezC[;],_Q^^^^)( J)) is a 
Z-grading of C>(/P,Qj,i/>j) (<//), it follows that 

is a Z-grading of 0(^p^q^^){J) j H . Thus H is graded. □ 

Remark 6.3. It follows from the above theorem that if J satisfies condition (K), then [51 
Theorem 7.27] gives a bijective correspondence between the set of all ideals of C(p,q,v>)(</) 
and the set of T-pairs (/, J') of (P, Q, ip) satisfying J C J'. 

7. TOEPLITZ RINGS 

When J = {0}, then 0(p_q_^)(J) is the Toeplitz ring T^p^q^^/j) and J automatically 
satisfies condition (L). Thus the following 3 corollaries follow from Theorem l3.2L Theorem 
14.21 and Theorem 15. 3^ respectively. 

Corollary 7.1. If {S',T',a',B) is an injective covariant representation of {P,Q,iIj), 
then the ring homomorphism rji^s' ,t' ,a' ,b) '■ T[p,q,iIi) B from |51 Theorem 1.7] is injective 
if and only if J(s',T',a',B) = {0}. 

Corollary 7.2. Assume that there are no non-zero faithful if) -compatible ideals of R. If 
{Si, Ti, (Ti, Pi) and (5*2, T2, (72, P2) are two injective covariant representations of{P, Q, 
then there is a ring isomorphism (p between 7l{Si,Ti,ai) and 7^(S'2, T2, (J2) such that 
(j) o ai = (72, (p o Si = S2 and o Ti = T2. 

Corollary 7.3. The Toeplitz ring T(p^q^^) is simple if and only if (0, 0) and (P, P) are 
the only T-pairs of (P, Q, ip) ■ 

8. Leavitt path algebras 

We will in this section show how we can recover from the results obtained in this 
paper Theorem 6.8, Corollary 6.10, Theorem 6.16, Corollary 6.17 and Theorem 6.18 of 
[T7] and obtain an algebraic analogue of [B], Theorem 4.1]. 

Let {E^ , ,r, s) be a directed graph (ie. P° and E^ are sets and r and s are maps 
from E^ to P°) and let P be a field. When n is a positive integer, then we let P" be 
the set {(ei, 62, . . . , e^) G P^ x P^ x ■ ■ ■ x P^ | r(ei) = s(ei+i) for i = 1, 2, . . . , n — 1}. 
For a = (ei, 62, ... , e„) G P" we define s{a) to be s(ei) and r(a) to be r(e„). For each 
f G P'' we let fP" denote the set {a G P" | s{a) = v} and we let P^f denote the 
set {a G P" I r{a) = v}. A closed path is an a G P" such that r{a) = s{a). The 
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element s{a) is called the base of a. A closed path a = (ei,e2, . . . , e„) is said to be 
simple if s{ei) ^ s(ei) for each i = 2,3, ... ,n, and to have an exit if \s{ei)E^\ > 1 for 
some i e {1, 2, . . . , n}. 

Following Example 5.8] we define R be the ring (BvgeoRv where each is a copy 
of F; we let Q be i?-bimodule ©eGSiQe where each is a copy of F and the left and 
the right multiplication are defined by 



where 1^, denotes the unit of R^, le denotes the unit of Qe, and {r^y^^EO and {qe}e&E^ 
are families of elements from F with only a finite number of non-zero elements; we let 
P be the i?-bimodule (Be^E'^Pe where each Pg is a copy of F and the left and the right 
multiplication are defined by 



where le denotes the unit of P^, and {r^}t,g£;o and {pe}e€E^ are families of elements from 
F with only a finite number of non-zero elements; and we define ip : P (g)/? Q — ^ -R to be 
the i?-bimodule homomorphism given by 



then {P,Q,tp) is an i?-system. Recall also that if we let J be the ideal span^jl^, | 
V G E^, < \vE^\ < oo} C i?, then J is a maximal faithful ^'-compatible ideal and 
C>(p,Q,^){J) is isomorphic to the Leavitt path algebra of {E^,E^) (see for example [H [2] 
and pj]). It is straightforward to check that j'"! = span^jl^ | t> G < \vE^\ < oo} 
for each n G N from which it follows that Jt°°l = span^jl^ | v G -E^, < \vE^^\ < 
oo for all n G N}. 

Suppose that / is a non-zero ^/'-invariant cycle and let : / — > Q®^ be an injective 
i?-bimodule homomorphism satisfying SpTrj(^x){q) = rj{jp{px ® q)) for p G P, x G / and 
q & Q. We will prove that it follows that {E^, E^, r, s) has a closed path without an exit. 
We can, and will, identify Q®" with the P-bimodule (BaeE^-Qa where each Qa is a copy 
of F and the left and the right multiplication are defined by 
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where Iq, denote the unit of Qa, and {r„}^g£;o and {qa}a&E^ are famihes of elements of 
F with only a finite number of non-zero elements. Likewise, we identify P®^ with the R- 
bimodule ©aeB"-Pa where each Pq, is a copy of F and the left and the right multiplication 
are defined by 



where denote the unit of Pq,, and {r^l^eE" and {pa\a<^E" are families of elements of F 
with only a finite number of non-zero elements. We then have that ipn '■ P®*^ ® Q®" — )■ P 
is given by 



Let H be the set {t; G P° | 1^ G /}. It follows from the ■j/'-invariance of I that is 
hereditary (that is, whenever e G P^ with s(e) G P, then r(e) G P). Let f G P. Then 
= Z]aG-ft:/«la some non-empty finite subset K C P"- and non-zero elements 
fa & F, a E K. Since l„?7(l„)lt, = 77(1^1^,1^) = ri{ly), it follows that r(a) = s(a) = v 
for each a G P. Let a G P" with r{a) = s{a) = v. Since 



it follows that K C {a}. Hence it must be the case that there is exactly one G P" 
with r{a) = s{a) = v, and that K consists of this element. Thus there is for each v G P 
a unique G P" with r{a) = s{a) = v and ri{ly) = for some fa^ ^ F \ {0}. 

Let V G P, let = (ei, 62, . . . , e„) and assume that there is an e' G P^ \ {ci} with 
s{e) = V. Then 



which contradicts the fact that rj is injective. Thus, for each f G P it is the case that 
vE^ = {ei} where ei is the initial part of a^- It follows that every f G P is the base of 
a closed path which has no exit. In particular, (P°, P^, r, s) has a closed path which has 
no exit. 

On the other hand, it is straightforward to check that if = (ei, 62, . . . , e„) is a closed 
path without an exit, then P = {s(ej) | i G {1, 2, . . . , n} is a hereditary subset of P°, 
/ = spaup^jlt, I V G P} is contained in J^°°^ and is a T/'-invariant ideal in P, and the P- 
linear map r] : I ^ Q®"- given by l^(e^) t-;- 1(6^,6^+1,.. .,e„,ei,e2,...,e,_i) for i G {1, 2, . . . , n} is an 
injective P-bimodule homomorphism rj : I ^ Q®" satisfying SpTj^(^x){Q) = f]{ip{px (S> q)) 
for p & P, X & I and q E Q. Thus J satisfies condition (L) if and only every closed 
path in {E^ , E^ ,r, s) has an exit (cf. fTli Definition 6.3]). We therefore recover [T71 
Theorem 6.8 and Corollary 6.10] from Theorem 14.21 By combining fTli Theorem 5.7 
and Proposition 6.12] and ^ Example 7.31] with the above characterization of when 
J satisfies condition (L), one sees that J satisfies condition (K) if and only if every 
V & E^ is either the base of no closed path or the base of at least two simple closed paths 
(cf. [17i Definition 6.11]). We therefore recover fTT^ Theorem 6.16 and Corollary 6.17] 





® ^?(li,))la = 'n{i'n{'^a'^v ® la)) = ^^(l^;), 



V{'^r(e)) = v{^{'^eK ® le)) = ^1-Tr,(l„)le = /a„^l-Tl„„le = 
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from Theorem 16.21 and Remark 16.31 Finally, it follows from [T7t Theorem 5.7] (cf. 
Example 7.31]) and Remark l5.2l that J is super maximal if and only if the only saturated 
hereditary subsets of are and E^, thus we recover pTl Theorem 6.18] from Theorem 
15.31 and the above characterization of when J satisfies condition (L). 

We will end this subsection by using Corollary 17.21 to give a uniqueness theorem for 
the Toeplitz ring T(p,q,^) = C(p,q,^)(0). 

Definition 8.1. Let E = {E^, E^,r,s) be a directed graph, let F be a field and B an 
F-algebra. A Toeplitz- Cuntz-Krieger E -family in B consists of a family {p^ \ v G E^} 
of pairwise orthogonal idempotents in B together with a family {xe,ye \ e G E^} of 
elements in B satisfying the following relations 

(1) Ps{e)Xe = Xe = XePr(e) for 6 G -E^ 

(2) Pr(e)ye = Ve = yePs(e) for C E E^ , 

(3) yeXf = 6ejPr{e) foY 6, / G -E^ 

where 6ej denotes the Kronecker's delta function. 

Theorem 8.2. Let E = [E^, E^,r, s) be a directed graph and let F be a field. Let R 
and {P,Q,ijj) be as defined above and let {S,T,a,T{p,Q,tjj)) be the Toeplitz representation 
of {P,Q,ip)- Then {<j{lv) \ v G E^} together with {T{le), S{le) \ e G E^} is a Toeplitz- 
Cuntz-Krieger E-family. If B is an F-algebra and {p^ \ v G E^} together with {xe,ye \ 
e G E^} is a Toeplitz- Cuntz-Krieger E-family, then there exists a unique F-algebra 
homomorphism rj : T{p^q^'^) — )■ B satisfying rj{a{lv)) = p^ for v G E'^ , and rj{T{le)) = Xe 
and r]{S{le)) = ye for e E E^. The homomorphism rj is injective if and only if Pv ^ 
for each v E E^ and py ^ J2eevE^ Xeye for v E E^ with < \vE^\ < oo. 

Proof. That T[p^q^^) is an F-algebra and that {cr{ly) \ v E E^} U {T(le), S{le) | e G F^} 
is a Toeplitz-Cuntz-Krieger F-family is proved in [5^ Example 1.10]. It is also proved in 
O, Example 1.10] that if B is an F-algebra and {p^ \ v E F°} together with {xe,ye \ 
e G F^} is a Toeplitz-Cuntz-Krieger F-family, then there is a covariant representation 
{S',T',a',B) of {P,Q,ij) such that ^'(Ale) = Xye and T'(Ale) = Xxe for e G F^ and 
A G F, and a'{Xly) = Xp^ for v E E^ and A G F. It then follows from [3 Theorem 1.7] 
that there is a ring homomorphism rj : T{p^q^^) — S- B such that ?7(cr(Al^)) = a\Xly) = Xp^ 
for G FO and A G F, and ?7(T(Ale)) = T'(Ale) = Xx^ and T]{S(Xle)) = S'lxie) = Xye 
for e E E^ and A G F. It follows that ?7 is a F-algebra homomorphism and that 
ri{(T{ly)) = Py for V E F°, and ?7(T(le)) = Xe and ?7(S'(le)) = ye for e G E'^. Since 
T[p^Q^^) is generated, as an F-algebra, by {cr(l^) | v E F°} U {r(le), 5'(le) | e G F-*^}, 
there cannot be any other F-algebra homomorphism from 7(p,q,^) to B which for every 
V E E^ maps a{ly) to py and for any e E E^ maps T(le) to Xe and S{le) to ye- 

The map a is injective by [51 Theorem 1.7]. It follows that if t] is injective, then py ^ 
for each v E E^ . Assume that Py ^ Q for each v E E^. Since R = (By^E^Rv where each 
Ry is a copy of F, it follows that cr' is injective. Thus it follows from Corollary 17.21 that 
r] is injective if and only if J{s',T',cr',B) = 0. It follows from Lemma 3.24] that 

JiS',T',.',B) = {rE A-i(^p(g)) I a'{r) = nr'A^ir))}. 

It is proved in [51 Example 5.8] that 

A-^{Tp{Q)) = spanp{l^ | < \vE'^\ < oo}. 



SIMPLE CUNTZ-PIMSNER RINGS 



16 



and is straightforward to check that A{ly) = J2e€vE'^ ^ie,ie if 1^ G A ^{J^p{Q)). It 
follows that 



Thus T] is injective if and only if 7^ for each v & and 7^ He&E^ ^eVe for v & E 



Theorem 18.21 is the algebraic analogue of P, Theorem 4.1]. 
9. Crossed products of a ring by an automorphism and fragtional skew 



We will in this section use Theorem 15. 3l to give a characterization of when the fractional 
skew monoid ring of a ring isomorphism is simple (Corollary 19. 8|) . and when the crossed 
product of a ring by an automorphism is simple (Corollary 19. 9p . 

A ring R has local units if given any finite set F C i? there exists an idempotent e E R 
such that er = re = r for every r G F, in other words, the set of all idempotents of 
R, Idem(i?), is a directed system (with order e < / if and only if ef = fe = e) and 

R = Ueeldem(iJ) ^-Re. 

Let Rhe a, ring with local units and let a : i? ^ i? be an injective ring homomorphism 
such that a{R)Ra{R) C a{R) (notice this is equivalent to a{R)Ra{R) = a{R) since 
R has local units). Recall from [5], Example 5.6] that if P is the i?-bimodule which is 
equal to span{ria(r2) | ri,r2, G -R} as a set, has the additive structure it inherits from 
R, and has the left and right actions given hj r ■ p = rp and p ■ r = pa{r) foT r E R 
and p E P; Q is the i?-bimodule which is equal to span{a(ri)r2 | ri,r2 G -R} as a 
set, has the additive structure it inherits from R, and has the left and right given by 
r ■ q = a{r)q and q ■ r = qr for r E R and q E Q\ and if) : P ® Q R is the i?-bimodule 
homomorphism given by p ® 5' H- pg, then (P, Q, ip) is an i?-system. Recall also that R 
is a uniquely maximal, faithful, V'-compatible ideal and that if a is an automorphism, 
then 0(^p^Q^^){R) is isomorphic to the crossed product i? x^^ Z of i? by a. If R is unital, 
and we let e = a(l) (where 1 denotes the unit of i?), then e is an idempotent and 
a{R) = a{R)Ra{R) = eRe. It follows from [51 Example 5.7] that we in this case have 
that Oi^p^Q^^){R) is isomorphic to the fractional skew monoid ring a] that Ara, 

Gonzalez-Barroso, Goodearl and Pardo have constructed in We will use these facts 
together with Theorem [S3] to give a characterization of when the crossed product PXq-Z 
is simple and when the fractional skew monoid ring i?[t4., t_; a] is simple, but first we 
introduce some notions and results that we will use for this. 

Unless otherwise stated, a will just be assumed to be an injective ring homomorphism 
such that a{R)Ra{R) C a{R). We let {P,Q,ip) be the i?-system defined above. Using 
that R has local units, it is not difficult to see that for n G N, the i?-bimodule P®" 
is isomorphic to the P-bimodule which is equal to span{ria"(r2) | T'i,r2,G R} as a 
set, has the additive structure it inherits from R, and has the left and right actions 
given hj r ■ p = rp and p ■ r = pa"(r), respectively. Likewise, Q®" is isomorphic to 
the P-bimodule which is equal to span{a"(ri)r2 | ri,r2 G P} as a set, has the additive 
structure it inherits from P and has the left and right given by r-q = a"(r)g and q-r = qr, 
respectively. We will simply identify P®" and Q®" with these two P-bimodules. We 




with < \vE^ 



< 00. 



□ 
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will use a ■ to indicate the left and right actions of R on P®" and Q®"' to distinguish 
these actions from the ordinary multiplication in R. It is straightforward to check that 
if g e g, g„ e Q®*^ and p e P, then SpTg„{q) = a^{p)a{qn)q. Let (5, T, a, 0(p,Q,^)(i?)) 
denote the Cuntz-Pimsner representation of [P^Q^ip) relative to R. Then S^{pn)<y{f) = 
5"(p„a«(r)), a{r)S^{pn) = S^{rpn), ^"(Pn)^"'(KO = T"(gja(r) = 

T-(g„r), a(r)T"(gO = T"(a"(r)g„), T-(gOT-'(g;,) = T"+"'(a"'(9n)g:,0, S^{p)T^{q) = 
a[pq) and T'^{q)S''{p) = for G N, p„ G P'^, r G P, n' G P®''', 

Q'n G Q*^" and g„/ G Q®" where Pn, Pn', In and gri' are considered as elements of R 
and the multiplication of R is used. It follows that 0(pq ,/,)(P)^°'' = cr(P), and that 
Ocp.Q.V')!^)^"^ = T"(Q®'^) and 0(p,q,^)(P)(-") = 5'^(P®'^) for n G N. We say that an 
ideal J of P is strongly a-invariant if C / and a{R)Ia{R) C a{I) (this is equivalent 
to a{R)Ia{R) = a{I) since P has local units). 

Proposition 9.1. Let R be a ring with local units, a : R ^ R an injective ring ho- 
momorphism satisfying a{R)Ra{R) C a{R), and let {P,Q,iIj) be the R-system defined 
above. Then there is a bijective correspondence between graded ideals of 0(^p^q^^){R) and 
strongly a-invariant ideals of R. 

Proof. For each strongly a-invariant ideal / in P, let Hj be the ideal in 0(^p^q^^){R) 
generated by cr{I); and let for each graded ideal H in 0(pq,^)(P), Ih = {x E R \ 
a{x) G H}. We will show that Hj is a graded ideal in 0(^p^q^^){R), that Ih is a strongly 
a-invariant ideal in P, and that Ihj = I and Hj^ = H for all strongly a-invariant 
ideals I in R and all graded ideals H in 0(^p^q^^^{R). This will establish the bijective 
correspondence between the graded ideals of 0(p,q,^)(P) and the strongly a-invariant 
ideals of P. 

Let / be a strongly a-invariant ideal in P. It is not difficult to check that if we let 
p-(o) = a{I) and for each n G N let if^") = span{T"(a''(r)x) | r G P, x G /} and 
= span{^"(a;a"(r)) | x G /, r G P}, then ^n&H^'"^ is an ideal in 0(p,q,^)(P). 
Since ©ngz-f^*^"^ contains cr(/) and itself must be contained in any ideal which contains 
ct(/), it must be the case that Hj = ®n&zH^'^\ It follows that Hj is graded and that 
Ih, = /. 

Let if be a graded ideal in 0{^p^q^^){R). It is clear that Ih is an ideal in P. Assume 
that X G Ih- Choose idempotens ei,e2 G P such that eia{x)ei = a{x) and 62X62 = x. 
Then 

a{a{x)) = S{eia{e2))cr{x)T{a{e2)ei) G H, 

so a(x) G Ih- Assume then that ri,r2 G P. Choose idempotents /i,/2 G P such that 
/a(ri)/i = a(ri) and f2a{r2) = a(r2). Then 

cr(a"^(a(ri)xa(r2))) = T(a(ri)/i)o-(x)5'(/2a(r2)) G if, 

so a(ri)xa(r2) G a{lH)- This shows that ij:/ is a strongly a-invariant ideal in P. Since 
0(P^Q^^)(P)*^°'' = a(P), it follows from [51 Lemma 3.35] that H is generated by a^In)- 
Thus' H = Hi„. □ 

By combining the above result with Remark 15.21 we get the following characterization 
of when P is a super maximal ^/^-compatible ideal. 
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Corollary 9.2. Let R be a ring with local units, a : R ^ R an injective ring homomor- 
phism satisfying a{R)Ra{R) C a{R), and let {P,Q,ip) be the R-system defined above. 
Then the following three conditions are equivalent: 

(1) The ring R is a super maximal ip- compatible ideal. 

(2) The only graded ideals in 0(^p^q^^){R) are {0} and 0(^p^q^^){R) . 

(3) The only strongly a-invariant ideals in R are {0} and R. 

We next introduce the multiplier ring of R (see for example [Ij). A double centralizer 
on is a pair (/, g) where / : i? — )• i? is a right -R-module homomorphism and g : R ^ R 
is a left -R-module homomorphism satisfying ri/(r2) = g{ri)r2 for all ri,r2 G R. The 
multiplier ring of R is the ring of all double centralizers on R with addition 

defined by (/i, fi-i) + (/2, 5-2) = (/i + /2, 9i + 92) and product defined by (/i, fi'i)(/2, 92) = 
{fi° f2, 92°9i)- Notice that (Id/j, Idij) is a unit of Al(-R). There is a ring homomorphism 
L : R ^ J^{R) given by t(r) = {fr,9r) where fr{s) = rs and 9ris) = sr for r,s E R. 
Since R has local units, l is injective. We will therefore simple regard i? as a subring 
of Ai{R). We then have that if u = {f,9) G Ai{R) and r E R, then ur = f{r) and 
ru = 9{r). It follows that R is an ideal in Ai{R). Notice that R = Ai{R) if and only if 
R is unital. 

Definition 9.3. Let n G N and let Rhe a, ring with local units. A ring homomorphism 
a : R R is said to be inner with periodicity n if there exist M,f G M.{R) such that 
vu = 1 (where 1 denotes the unit of M.{R))., and a"(r) = urv and a{ur) = ua{r) for all 
r E R. If a is not inner of any periodicity, then it is said to be outer. 

Remark 9.4. Notice that if a is an automorphism and u,v are as above, then v is the 
inverse of u. 

In |4j the authors introduce a topology on M (R) in the following way. A net {x\)x^a 
of elements of A4{R) converges strictly to an a element x G A4{R) if there for every 
r E R exists Aq G A such that (xa — x)r = r{x\ — x) = for A > Aq. Since R has local 
units, a net in Ai{R) can at most converges strictly to one element. Such an element 
will, if it exists, be called the strict limit of the net. A net {xx)x^\ is Cauchy if there 
for every r E R exists Aq G A such that r{xx — x^) = {x\ — x^)r = for A,/x > Aq. 
It is shown in [H Proposition 1.6] that if R has local units, then every Cauchy net in 
M.{R) converges strictly, and that every element of }A{R) is the strict limit of a net of 
elements of R. 

A net (rA)AeA of elements of R that converges to the unit of M.{R) is called an 
approximate unit for R. Notice that in case R has local units we can construct an 
approximate unit (eA)AeA consisting of idempotents simple by letting A be the directed 
set of finite subsets of R ordered by inclusion, and then for every A G A choosing an 
idempotent e\ such that e\r = re\ = r for every r G A. 

Definition 9.5. Let i? be a ring with local units. A ring homomorphism a : i? — )■ 
R is said to be strict if there exists an approximate unit (eA)AeA for R consisting of 
idempotents such that (a(eA))AgA converges strictly. 

Remark 9.6. Notice that if a is an automorphism, then it is strict (since (a(eA))AeA 
converges strictly to the unit in that case). Notice also that if R is unital, then every 
ring homomorphism a : R ^ R is automatically strict (because the net consisting of 
just 1 is an approximate unit in that case). 
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Proposition 9.7. Let R be a ring with local units, a : R ^ R an infective ring ho- 
momorphism satisfying a{R)Ra{R) C a{R), and let {P,Q,iIj) be the R-system defined 
above. Consider the following three conditions: 

(1) There exists an n E N such that the homomorphism a is inner with periodicity 
n. 

(2) The ring R is a ip-invariant cycle. 

(3) The ring R does not satisfy condition (L) with respect to {P,Q,ip). 

Then ([T]) implies ([2]), and (I2D implies (12]) ■ // in addition R is a super maximal ip- 
compatible ideal, and a" is strict for every n E N, then implies ([T]) and the three 
conditions are equivalent. 

Proof. ([1]) ^ (12]): Let u and v be elements in M{R) such that vu = 1, and urv = a"(r) 
and a{ux) = ua{x) for all r E R. Define t] : R ^ R hj r]{r) = ur. Let r E R. Choose 
e G -R such that er = r. Then we have that r]{r) = ur = uer = uevur = a'^{e)ur. This 
shows that ri{R) C Q^"'. It is clear that rj is additive and injective. Let ri, r2, G R. Then 
= urir2 = ri{ri)r2 and r]{rir2) = urir2 = a'^{ri)ur2 = C(^{ri)r]{r2), which shows 
that rj is an i?-bimodule homomorphism from R to Q®". Let p E P, r E R and q E Q. 
Then we have that 

rj ijpip ■ r ® q)) = rj {pa{r)q) = upa{r)q = a^{p)ua{r)q 

= a''{p)a{ur)q = a"'{p)a{r]{r))q = SpTn(r){q)- 

Thus i? is a ^/'-invariant cycle. 

02]) ^ ([3]): It is easy to see that ip~^{R) = R from which it follows that = R. 
Thus, if i? is a ■j/'-invariant cycle, then R does not satisfy condition (L) with respect to 

03]) =^ Assume that R does not satisfy condition (L) with respect to {P^Q^ip). 
It then follows from Proposition 12.61 that there is a non-zero graded ideal ®k<^i H^''^ 
in 0(p^Q^^){R), an n G N and a family {(pk)kez of injective 0(p,Q,^)(i?)^°^-bimodule ho- 
momorphisms (f)k '■ H^'^^ 0(^p^q^^){R)^^^^^ such that X(pk{y) = 4>k+j{xy) and 0fc(?/)x = 
<Pk+Ayx) for k,jEZ,xE 0(^p,q,^){RY^^ and y E H^'^l Notice that also ®kez (pk-n{H^^~''^) 
is a non-zero graded ideal in Oi^p^q^^){R). If /2 is a super maximal T/'-compatible ideal, 
then it follows from Corollary O that ®k&H^^^ = ®kez<Pk-n{H^'"~'''^) = 0(p^q^^){R) 
from which it follows that H^^^ = = O(p,q,^)(/2)(0) = a{R), MH^'^^) = 

C(P,Q,^)(i?)(") = T"(Q^") and iJ^"") = C(p,q,^) = '^"(P®"). Suppose in addition 

that a" is strict, and let (eA)AGA be an approximate unit for R consisting of idempo- 
tents such that (a;(eA))AGA converges strictly. Since T" and 0_„ are injective, and Q®" 
and P*^" are subsets of R, there exists for each A G A a unique ux E R such that 
T^{ux) = 0o(o"(eA)) and a unique Vx E R such that 0_„(S'"'(f a)) = <y{ex)- Notice that 

T"(nA) = Mcr{ex)) = M^iexCx)) = (r{ex)M^{ex)) = a{ex)T''{ux) = T^{a^{ex)ux). 

It follows that Q;"(eA)'UA = Ux- If A, Ai G A and CA^eA = Cai, then 

T^ia^iexM = a{ex,)T^{ux) = cj{ex,)Mcj{ex)) 

= 0o(o-(eAieA)) = 0o(o-(eAj) = T"(mai), 

from which it follows that a'^^cxjux = mai- Let r E R. Choose Ai, A2, A3 G A such that 
ra'^{ex) = ra^-^cxi) fo^ ^ — ^i) ^Xi^x = ^Xi for A > A2, and Cxr = r for A > A3. If 
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A > Ai, A2, A3, then 

rux = ra^{ex)ux = ra'^{ex^)ux = rux^, 

and 

T^iuxr) = T^iuxMr) = <f)oHex))cr{r) = M^iexr)) = M^ir))- 

This shows that (MA)AeA is Cauchy and hence converges strictly to an element u G Ai{R). 
One can by a similar method show that {vx)xeA converges strictly to an element v e 
MiR). 

Let A G A. Then 

a{vxux) = S^{vx)T^{ux) = S''{vx)M^{ex)) = 4>^„iS''{vxMex)) 

= 0-„(5'"(t;A))or(eA) = a{ex)a{ex) = cr{ex), 

from which it follow that vxUx = ex- Thus vu = 1. 

Let r E R. Choose Aq G A such that rex = exr = r for A > Aq. If A > Aq, then 

T"(a"(r)nA) = a{r)<f)oHex)) = M^i^ex)) = <l>oHexr)) = M^{ex)Mr) = T^{uxr). 

It follows that a'^{r)u = ur and thus that urv = a"(r). 

Let r G -R. Choose Aq G A such that exr = r and ex(y{r) = a{r) for A > Aq. If A > Aq 
then 

T'^iaiuxr)) =T^{a^^\exMux)air)) = 5(«(eA))T"MT(«(r)) 

= S{a{ex))M(^{ex))T{a{r)) = <Po{S{a{ex)))cr{ex)T{a{r)) 

= (j)o{a{a{exexr))'j = 0o(o-(a(r))) = (f)o{a{exa{r))'j = 0o(cr(eA))cr(a(r)) 
= T"Ma(a(r)) = r"(MAa(r)), 

from which it follows that a{uxr) = Ux<y{r). Thus a{ur) = ua{r). 

Hence a is inner with periodicity n in this case. □ 

By combining Theorem 15.31 and Corollary 19.21 with Remark 19. 6[ Proposition 19. 7[ and 
the fact that 0(p^Q^^)(i?) is isomorphic to the crossed product -R Xq, Z of -R by a when 
a is an automorphism, and to the fractional skew monoid ring R[t^,t_; a] when R is 
unital and a is an injective homomorphism such that a{R) = eRe for some idempotent 
e G -R, we get the following two corollaries. 

Corollary 9.8. Let R be a unital ring and let a : R ^ R be an injective ring homo- 
morphism such that a{R) = eRe for some idempotent e G -R. Then the following two 
statements are equivalent: 

(1) The fractional skew monoid ring a] is simple. 

(2) The homomorphism a is outer and the only strongly a-invariant ideals in R are 
{0} and R. 

Corollary 9.9. Let R be a ring with local units and let a : R ^ R be a ring automor- 
phism. Then the following two statements are equivalent: 

(1) The crossed product i? x^, Z is simple. 

(2) The automorphism a is outer and the only strongly a-invariant ideals in R are 
{0} and R. 



SIMPLE CUNTZ-PIMSNER RINGS 



21 



We end by noticing that when a is an automorphism, the condition of a being outer 
is equivalent with the seemingly stronger, and perhaps more familiar, condition that a 
is strongly outer. 

Definition 9.10. Let n G N and let i? be a ring with local units and a : R ^ R a, ring 
automorphism. If there exists an invertible element u G A4{R) such that a"(r) = uru~^ 
for all r & R, then a is said to be weakly inner with periodicity n. If a is not weakly 
inner of any periodicity, then it is said to be strongly outer. 

Proposition 9.11. Let R be a ring with local units and let a : R ^ R a ring automor- 
phism. Then a is outer if and only if it is strongly outer. 

Proof. It follows from Remark 19.41 that if a is strongly outer, then it is also outer. 

Suppose that a is not strongly outer. Then there exist n G N and an invertible 
element u G A4{R) such that a"(r) = uru~^ for all r & R. If x = {f,g) G M.{R) 
where (/,(?) is a double centralizer, then we let a{x) denote the double centralizer {a o 
/ o a o g o a~^). It is easy to check that x i— )■ a{x) defines an automorphism a of 
A^(i?) and that = uxu~^ for all x G M.{R). In particular = uuu~^ = u and 

q;"('U~^) = uu^^u^^ = u^^. Let 

u' = ua{u) . . . a'^^'^{u) and v' = a^^^{u^^) . . . a{u~^)u'~^. 
Then v'u' = 1. If r G -R, then 

a{u'r) = a{u')a{r) = a(ua{u) . . . a'^^^{u)^a{r) = a{u)a'^{u) . . . a'^{u)a{r) 
= . . . d2"(M)a(r) = a''[aiu)a^iu) . . . d"(M))a(r) 

= ua{u)a'^{u) . . . a"'{u)u^'^a{r) = ua{u)a'^{u) . . . a^~^{u)uu^^a{r) = u'a{r) 

and 

u'rv' = ua{u) . . . a^~^{u)rdi^~^{u~^) . . . a{u~^)u~^ 

= . . . d"-i(u)ra"-^(M-i) . . . aiu-')) 

= a{u) . . . a"-^(M)a"(r)d"-i(M-i) . . . a{u-^) 
= a{u) . . . a"-2(M)a"+i(r)a"-2(^-i) . . . ^(^-i) 

= «(M)a("-^)"(r)«(M-i) = a"'(r). 
Thus a is inner with periodicity and is therefore not outer. □ 

Acknowledgments 

Part of this work was done during visits of the third author to the Institut for Matem- 
atik og Datalogi, Syddansk Universitet and to the Institut for Matematiske Fag, K0ben- 
havns Universitet (Denmark). The third author thanks both host centers for their kind 
hospitality. 



SIMPLE CUNTZ-PIMSNER RINGS 



22 



References 

Gene Abrams and Gonzalo Aranda Pino. The Leavitt path algebra of a graph. J. Algebra, 
293(2):319-334, 2005. 

Gene Abrams and Gonzalo Aranda Pino. The Leavitt path algebras of arbitrary graphs. Houston 
J. Math., 34(2):423-442, 2008. 

P. Ara, M. A. Gonzalez-Barroso, K. R. Goodearl, and E. Pardo. Fractional skew monoid rings. J. 
Algebra, 278(1):104-126, 2004. 

Pcrc Ara and Francesc Perera. Multipliers of von Neumann regular rings. Comm. Algebra, 
28(7):3359-3385, 2000. 

Toke Meier Garlsen and Eduard Ortega. Algebraic Guntz-Pimsner rings. Proc. London Math. Soc., 
doi: 10.1112/plms/pdq040, 2011. 

Neal J. Fowler and Iain Raeburn. The Toeplitz algebra of a Hilbert bimodule. Indiana Univ. Math. 
J., 48(1):155-181, 1999. 

Takeshi Katsura. On C*-algebras associated with C*-correspondences. J. Funct. Anal., 217(2):366- 
401, 2004. 

Takeshi Katsura. A class of C*-algebras generalizing both graph algebras and homeomorphism 

C*-algebras. III. Ideal structures. Ergodic Theory Dynam. Systems, 26(6):1805-1854, 2006. 
Takeshi Katsura. Ideal structure of C*-algebras associated with C*-correspondences. Pacific J. 
Math., 230(1):107-145, 2007. 

Susan Montgomery. Fixed, rings of finite autom,orphism groups of associative rings, volume 818 of 
Lecture Notes in Mathematics. Springer, Berlin, 1980. 

Paul S. Muhly and Baruch Solel. Tensor algebras over C*-correspondences: representations, dila- 
tions, and C*-cnvclopcs. J. Funct. Anal, 158(2):389-457, 1998. 

Donald S. Passman. Infinite crossed products, volume 135 of Pure and Applied Mathematics. Aca- 
demic Press Inc., Boston, MA, 1989. 

Michael V. Pimsner. A class of C*-algcbras generalizing both Cuntz-Krieger algebras and crossed 
products by Z. In Free probability theory (Waterloo, ON, 1995), volume 12 of Fields Inst. Commun., 
pages 189-212. Amer. Math. Soc, Providence, RI, 1997. 

Iain Raeburn. Graph algebras, volume 103 of CBMS Regional Conference Series in Mathematics. 
Published for the Conference Board of the Mathematical Sciences, Washington, DC, 2005. 
Aidan Sims. Relative Cuntz-Krieger algebras of finitely aligned higher-rank graphs. Indiana Univ. 
Math. J., 55(2):849 868, 2006. 

Mark Tomforde. Simphcity of ultragraph algebras. Indiana Univ. Math. J., 52(4):901-925, 2003. 
Mark Tomforde. Uniqueness theorems and ideal structure for Leavitt path algebras. J. Algebra, 
318(l):270-299, 2007. 

Department of Mathematical Sciences, NTNU, NO-7491 Trondheim, Norway 
E-mail address: Toke.Meier.Carlsen@math.ntnu.no 

Department of Mathematical Sciences, NTNU, NO-7491 Trondheim, Norway 
E-mail address: eduardor@math.ntnu.no 

Departamento de Matematicas, Facultad de Ciencias, Universidad de Cadiz, Campus 
de Puerto Real, 11510 Puerto Real (Cadiz), Spain. 
E-mail address: enr ique . pardoSuca . es 

URL: https : //sites . google . com/a/ gm . uca . es/ enrique-pardo-s-home-page/ 



